I present results for soft anomalous dimensions in single top-quark production processes through three loops. I first discuss the cusp anomalous dimension with one massive and one massless line at three loops. I then calculate the three-loop soft anomalous dimension for tW production and for related processes with new physics such as tZ, tγ, and tH − production. This is followed by results at two and three loops for the soft anomalous dimension matrix in s-channel single-top production and, finally, in t-channel single-top production. These new results are needed for soft-gluon resummation at N 3 LL accuracy and for calculations of soft-gluon corrections at N 3 LO.
Introduction
Calculations of higher-order corrections to scattering cross sections are central to the exploration of particle physics at hadron colliders. The understanding of the structure of these cross sections can be deepened by the study of renormalization-group properties of the functions that describe the emission of quanta in the partonic processes. In particular, the study of soft and collinear gluon emission is important not only in exploring the rich features of quantum field theory but also in extending the calculations to higher orders. The study of soft-gluon corrections is important and relevant for top-quark production, which is a central topic in collider physics (see Ref. [1] for a recent review).
Soft and collinear gluon corrections can be resummed to all orders in perturbation theory. Such considerations start with the factorization properties of the cross section. We consider single-top partonic processes of general form f 1 +f 2 → t+X. The incoming and outgoing particles are represented by eikonal (Wilson) lines, which are gauge-field path-ordered exponentials in the direction of their four-velocity.
We can define moments of the partonic cross section byσ(N) = (ds 4 /s) e −N s 4 /sσ (s 4 ), where N is the moment variable and s 4 is a kinematical variable that indicates distance from partonic threshold, i.e. s 4 measures the invariant mass squared of additional final-state radiation and it vanishes at threshold. The factorized cross section in moment space takes the form [2] σ f 1 f 2 →tX (N) = H f 1 f 2 →tX IL (µ) S f 1 f 2 →tX LI (N, µ) J in (N, µ) J out (N, µ) .
(
The function H is a short-distance hard function and does not depend on N. The function S is a soft function that encodes the coupling of soft gluons to the partons in the scattering. These process-dependent H and S functions are in general matrices in color space for the partonic scattering, and I and L are indices that label color tensors. The functions J in and J out , on the other hand, describe universal soft and collinear emission from incoming and outgoing partons, respectively. The functions S, J in , and J out , depend on the moment variable N as well as on the scale µ. The soft function, S, obeys the renormalization-group equation [2] µ
where g 2 s = 4πα s , α s is the strong coupling, β is the QCD beta function, β = µ 2 d ln α s /dµ 2 , and Γ S is the process-dependent soft anomalous dimension, a matrix in color space.
The resummed cross section [2] is derived from the renormalization-group evolution of the functions in Eq. (1), and it takes the form of a product of exponentials. The exponents that resum universal soft and collinear radiation from incoming and outgoing partons were derived in [3, 4] , while noncollinear soft radiation depends on the color structure of the particular process and is resummed via exponentials of Γ S [2] .
Apart from their intrinsic theoretical value, the soft-gluon corrections have turned out to be extremely important for many processes in hadron colliders, in particular the Tevatron and the LHC. Next-to-leading-order (NLO) calculations are now standard for processes studied at the LHC, and next-to-next-to-leading-order (NNLO) corrections are the new frontier. In some cases even next-to-next-to-next-to-leading-order (N 3 LO) corrections may be necessary to meet the increasing experimental precision. The soft-gluon contributions tend to dominate the higher-order corrections for many processes, not only near partonic threshold but even relatively far from it. Thus, calculations that involve soft-gluon corrections are usually very good approximations to exact results, and they can be used to produce excellent approximate predictions at higher orders. Results are known for a multitude of processes including top quarks, Higgs and electroweak bosons, etc. (see e.g. [1] for a review). Approximate NNLO (aNNLO) and approximate N 3 LO (aN 3 LO) calculations that include soft-gluon corrections provide solid predictions for all top-quark production processes that have been studied.
We first discuss the cusp anomalous dimension, which is the simplest soft anomalous dimension, with one massive and one massless eikonal line through three loops. We then present results for the associated production of a top quark with a W boson and related processes. Finally, we present results for s-channel single-top production and for t-channel single-top production. These are the first three-loop calculations of soft anomalous dimensions for processes with one massive quark.
Cusp anomalous dimension with one massive quark
The cusp anomalous dimension is a fundamental quantity in perturbative QCD, and it describes the infrared behavior of scattering amplitudes [5] [6] [7] [8] [9] [10] [11] [12] [13] . The cusp angle θ of two eikonal lines with momenta p i and p j is given by θ = cosh −1 (p i · p j / p 2 i p 2 j ). The perturbative series for the cusp anomalous dimension in QCD is written as The nth-order cusp anomalous dimension, Γ (n) c , is determined from the ultraviolet poles in dimensional regularization of n-loop diagrams calculated in the eikonal approximation.
When both eikonal lines are massive, the expressions get very complicated at higher orders. This is in contrast to the light-like cusp anomalous dimension, where the results are proportional to the cusp angle, with proportionality factor denoted as K (n) at n loops. In the massive case the expressions involve nonelementary functions of the cusp angle, including (harmonic) polylogarithms. However, the expressions are simpler when only one of the quarks has nonzero mass.
The one-loop diagrams for the cusp anomalous dimension are shown in Fig. 1 . Assuming that eikonal line i represents a massive quark and eikonal line j represents a massless quark, we find at one loop
where m i is the mass of the quark in eikonal line i,
The two-loop cusp anomalous dimension was studied in [8] and a result was provided in terms of a few uncalculated integrals. A later independent calulation provided fully analytical explicit results in terms of dilogarithms and trilogarithms that were presented in [9] . Some representative two-loop diagrams for the cusp anomalous dimension are shown in Fig. 2 .
When one of the quarks (with momentum p j ) is massless the expression is simpler, and we find at two loops where
, and n f is the number of light quark flavors (for top production n f = 5). The three-loop cusp anomalous dimension was calculated in Ref. [12] and presented in terms of a large number of harmonic polylogarithms, defined iteratively with up to five integrations. Those results were reexpressed in terms of ordinary polylogarithms and a few simple integrals of them in Ref. [13] . Simple approximations were also presented in [13] , as well as a conjecture for the n-loop structure of the result. A few representative three-loop diagrams for the cusp anomalous dimension are shown in Fig. 3 .
Again, we find that the result is simpler and shorter when one quark (p j ) is massless. At three loops, our calculation gives the expression
where
with ζ 3 ≈ 1.202 and ζ 4 = π 4 /90, and
with ζ 5 ≈ 1.0369 and B 0 ≈ 1.803. The cusp anomalous dimension is a necessary ingredient of any calculation of soft anomalous dimensions in 2 → m multi-leg scattering processes. When all external lines are massless, it was shown in [14] that the two-loop soft anomalous dimension matrix is proportional to the oneloop result. Further studies of the structure of soft anomalous dimensions with massless partons were presented in [15] [16] [17] . Three-parton correlations do not contribute to the soft anomalous dimension with massless partons at any order due to scaling symmetry constraints [15, 16] . In Ref. [18] three-loop results for the soft anomalous dimension in massless multi-leg scattering were presented, including four-parton correlations. When both of the eikonal lines are massive then the three-parton correlations no longer vanish [19] ; however, they still vanish when only one of the lines is massive.
We use our results for the cusp anomalous dimension as an ingredient in our calculations below of the soft anomalous dimensions for single-top production processes, including tW , schannel and t-channel production [20] [21] [22] [23] , as well as related processes in new-physics models. These are the first such calculations at three loops for processes with one massive quark.
tW production and related processes
We now calculate the three-loop soft anomalous dimension for the associated production of a top quark with a W boson via bg → tW − . The cross section for this process is known at NLO [24] and with additional higher-order soft-gluon corrections [20, 22] , and it has most recently been measured in proton-proton collisions at the LHC at 13 TeV energy [25, 26] .
The soft anomalous dimension for tW production is identical to that for other related processes in models of new physics, such as the associated production of a top-quark with a charged Higgs boson via bg → tH − in two-Higgs-doublet models [27] ; the associated production of a top-quark with a Z boson with anomalous top-quark couplings via qg → tZ [28, 29] ; and the associated production of a top quark with a photon with anomalous top-quark couplings via qg → tγ [28, 30] . In all these cases we have 2 → 2 processes at lowest order that involve 2 massless partons, a final-state top quark, and a final-state boson. Thus, we have three colored particles involved in the scattering, one of which is massive.
We consider tW production via the process
and define s = (
where m t is the top-quark mass and m W is the W -boson mass. The soft anomalous dimension for bg → tW − was calculated at one loop in Refs. [20] and [22] . The one-loop result is given by
This one-loop result is needed for next-to-leading-logarithm (NLL) resummation, and it starts contributing to the soft-gluon corrections at NLO with a term (α s /π) 2 Γ tW (1) S [1/s 4 ] + times the leading-order factor.
The two-loop result was presented in [22] and is given by
where K ′ (2) = K (2) /C F . This two-loop result is needed for next-to-next-to-leading-logarithm (NNLL) resummation, and it contributes to the soft-gluon corrections starting at NNLO with a term (α s /π) 2 2 Γ tW (2) S [1/s 4 ] + times the leading-order factor. We calculate the soft anomalous dimension at three loops, and find
where K ′ (3) = K (3) /C F , with K (3) defined in Eq. (7) , and C (3) is defined in Eq. (8) . This threeloop result is needed for next-to-next-to-next-to-leading-logarithm (N 3 LL) resummation, and it contributes to the soft-gluon corrections starting at N 3 LO with a term (α s /π) 3 
Single-top s-channel production
We continue with single-top production via s-channel processes. The cross section for this channel is known at NLO [31] , NNLO [32] , and with soft-gluon corrections [20, 21] , and it has been measured at the LHC at 8 TeV energy [33, 34] .
The partonic processes are q(p 1 )+q ′ (p 2 ) → t(p 3 )+b(p 4 ). The partonic kinematical variables are s = (p 1 + p 2 ) 2 , t = (p 1 − p 3 ) 2 , and u = (p 2 − p 3 ) 2 . The threshold variable is given by
In this channel we have 2 → 2 processes at lowest order that involve 2 massless initial-state partons, a final-state top quark, and a final-state massless quark. Thus, we have four colored particles involved in the scattering, one of which is massive.
The color structure of the hard scattering in s-channel single-top production is more complicated than that for tW production. Thus, the soft anomalous dimension is a 2 × 2 matrix in color space (as it also is for tt production via thechannel [2, 19, 35] ). We choose a singletoctet s-channel color basis, c 1 = δ a 1 a 2 δ a 3 a 4 and c 2 = T c a 2 a 1 T c a 3 a 4 . We note that in this basis, only the first element of the leading-order hard matrix is nonzero, which leads to some simplifications and has implications for the contributions of the various soft anomalous dimension matrix elements, as we will see below.
The four elements of the s-channel soft anomalous dimension matrix at one loop are given by
We note that the first element of the matrix, Γ s (1) 11 , was calculated in Ref. [20] and [21] , and it is needed for NLL resummation. This element starts contributing to the soft-gluon corrections at NLO with a term (α s /π) 2 Γ s (1) 11 [1/s 4 ] + times the leading-order factor. For NNLL resummation we also need the other matrix elements in Eq. (13) . The offdiagonal one-loop matrix elements, Γ s (1) 12 and Γ s (1) 21 , were given in [21] and they contribute to the soft-gluon corrections starting at NNLO. The last one-loop matrix element, Γ s (1) 22 , was presented in [1] and starts contributing at N 3 LO.
At two loops, our calculation gives Γ s (2) 11
We note that the first element of the matrix, Γ s (2) 11 , was calculated in Ref. [21] , it is needed for NNLL resummation, and it contributes to the soft-gluon corrections starting at NNLO with a term (α s /π) 2 At three loops, we only need the first element of the soft anomalous dimension matrix for N 3 LL resummation and to calculate the N 3 LO soft-gluon corrections. The reason for this is that only the first element of the leading-order hard matrix is nonzero, and thus the other elements of the three-loop soft anomalous dimension matrix do not contribute to the N 3 LO corrections.
We calculate the first element of the s-channel soft anomalous dimension matrix at three loops, and find Γ s (3)
We note that four-parton correlations do not contribute to this matrix element. Γ 
Single-top t-channel production
Finally, we discuss single-top production via t-channel processes. The cross section for this channel is known at NLO [31] , NNLO [36] [37] [38] , and with soft-gluon corrections [20, 23] , and it has been recently measured at the LHC at 13 TeV energy [39, 40] .
The partonic processes are b(p 1 ) + q(p 2 ) → t(p 3 ) + q ′ (p 4 ). Again, the partonic kinematical variables are s = (p 1 + p 2 ) 2 , t = (p 1 − p 3 ) 2 , and u = (p 2 − p 3 ) 2 , and the threshold variable is
t . The color structure of the hard scattering in t-channel single-top production is again complicated, and the soft anomalous dimension is a 2 × 2 matrix in color space. We choose a singlet-octet t-channel color basis c 1 = δ a 1 a 3 δ a 2 a 4 and c 2 = T c a 3 a 1 T c a 4 a 2 . The four elements of the t-channel soft anomalous dimension matrix at one loop are given by
We note that the first element of the matrix, Γ t (2) 11 , was calculated in Ref. [23] and is needed for NNLL resummation. The other two-loop matrix elements in Eq. (17) are needed for N 3 LL resummation, and they have not been presented before. The structure of the results is similar to that for the s channel.
At three loops, as for the s-channel, we only need the first element of the soft anomalous dimension matrix for N 3 LL resummation, and to calculate the N 3 LO soft-gluon corrections. The reason, as before, is the simple structure of the leading-order hard matrix, so that the other elements of the t-channel three-loop soft anomalous dimension matrix do not contribute.
We calculate the first element of the t-channel soft anomalous dimension matrix at three loops, and find Γ t (3)
Again, we note that four-parton correlations do not contribute to this matrix element. Γ t (3) 11
contributes to the soft-gluon corrections starting at N 3 LO with a term (α s /π) 3 
Conclusion
I have presented three-loop results for the cusp anomalous dimension with one massive and one massless eikonal lines, and for the soft anomalous dimensions in single-top production processes in the Standard Model and beyond. These are the first calculations of soft anomalous dimensions for processes with one heavy-quark line at three loops, and they allow N 3 LL soft-gluon resummation and the determination of N 3 LO soft-gluon corrections for such processes. These calculations also open the door to other calculations for similar processes involving bottom and charm quarks in the Standard Model as well as to new-physics processes involving a massive colored particle.
